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A DIFFERENTIAL OPERATOR FOR SYMMETRIC FUNCTIONS AND
THE COMBINATORICS OF MULTIPLYING TRANSPOSITIONS

1. P. GOULDEN

ABSTRACT. By means of irreducible characters for the symmetric group, formu-
las have previously been given for the number of ways of writing permutations
in a given conjugacy class as products of transpositions. These formulas are al-
ternating sums of binomial coefficients and powers of integers. Combinatorial
proofs are obtained in this paper by analyzing the action of a partial differential
operator for symmetric functions.

1. INTRODUCTION

Let A = (4;,4,,...) where 4; > A,--- are nonnegative integers and A; +
Ay+---=n. Then A is a partition of n, denoted A+ n. If m of the A; are
positive we also write A = (4, ..., A), and say that A has m parts, denoted
by /() = m. If k; of the parts of A are equal to j for j > 1, we can write
A=1k2k

Associated with every permutation ¢ in S,, the symmetric group on
{1, ..., n}, is the partition of n whose parts specify the lengths of the cy-
cles in the disjoint cycle representation of o . This partition, denoted by d(a),
is called the cycle distribution of o. For a F n, the set of all permutations in
S», with cycle distribution o is a conjugacy class, denoted by %,. If K, is
the formal sum of the elements of %, , then the set {K,|a - n} is a basis for
the centre of the group algebra CS, . Thus we can linearize the product of any
elements in this set, so if o; Fn for i=1,..., m we can write

Koy Koy =Y 0Ky,

yn

and the numbers ¢} are called connection coefficients for the symmetric

group.

An expression for the arbitrary connection coefficient can be given as a sum-
mation over partitions of 7, involving characters of the symmetric group. In
general this is not very useful because characters are hard to evaluate and the
summation set is large. However in certain cases this expression can be reduced
to yield a nice explicit form, as a single-indexed binomial sum. Character the-
ory has been used by Stanley [19] and Jackson [13, 14, 15] to give classes of
such explicit forms for various connection coefficients involving n-cycles (cycle
distribution n) and transpositions (cycle distribution 17-22).
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The form of these results suggests that there should exist derivations of the
nice expressions for connection coefficients that are free of the use of characters.
In this direction, Bertram and Wei [2], Boccara [3], and Walkup [20] have
obtained results for the product of two n-cycles by elementary means. Goulden
and Jackson [9] have given a direct combinatorial derivation for the value of

¢ o, in the case that /(o)) + --- + [(am) = n + 1. Moszkowski [18] has

given a direct combinatorial derivation for the value of cf{,'), ..,a,_, in the case
that o, ..., a,_; are transpositions (see also Goulden and Pepper [10]).
Bédard and Goupil [1] had previously shown by inductive means that

m _ nl(a1) = D{(az) = 1)!
(1.1) cm o hi

where a; = 18122... for i = 1,2, and /(o) +(a3) = n+ 1. In the case
m = 2 of Goulden and Jackson [9], the RHS of (1.1) is shown to be the number
of two-coloured plane trees of a certain type, and an explicit bijection is given
between these trees and pairs of permutations (o, p) € %, X %, such that
ap = (12---n) where, of course, (12---n) € &y .

Dénes [6] (see also Dénes [7] and Hurwitz [11, 12]) had previously shown
that

-2
(1.2) e e, ="
where a;, ..., an_; are transpositions (i.e., a; = 1""22 for i=1,...,n—1).

In Moszkowski [18] an explicit bijection is given between labelled trees on n
vertices (it is well known (see, e.g., Cayley [5]) that the number of these is n"~2)
and (n — 1)-tuples of transpositions whose product is (12---n).

One of the results (Corollary 4.2) in Jackson [15] specializes to give the fol-
lowing result.

Theorem 1.1. For a; =1""22, i=1,...,m and m>1,

..o = %g{(;) - nk}m (" v

Note that when m = n — 1 the RHS of Theorem 1.1 must reduce to n"~2
from (1.2), and that when m < n—1 the RHS must reduce to 0, for combina-
torial reasons.

The purpose of this paper is to derive an explicit bijective proof of Theorem
1.1. We proceed by considering a generalization of Theorem 1.1 that allows us
to identify the role of the summation index k. This generalization is given as
Theorem 2.1, and is referred to as the main result.

There are three stages. First, in §2, we derive the main result in a straight-
forward manner from the character theory of S,. Second, in §3, we give a
noncharacter, but essentially verificational, proof of the main result by means
of a partial differential operator for symmetric functions. Third, in §4, we are
able to derive an explicit bijective proof of the main result by considering the
combinatorial implications of the action of this differential operator.

The common thread running through these three stages is the formal power
series

A(r, b, t;x) = (r— b)""{H(rt))E(—bt) — 1}
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where
Hu) = [[(0-uxp)™",  E@)=][1+ux)
jz1 j21

are well-known as the generating functions for the complete and elementary
symmetric functions in x = (x;, X3, ...), respectively.

The reader is referred to Macdonald [17] for a complete treatment of sym-
metric functions. In this paper we shall be concerned only with the power sum
symmetric functions, given by

po=1, pi=xi+xj+..., j>1.
If A = (A1, 42,...) is a partition, then p; = p;p;,... and {p;|]A all par-
titions} forms a basis for symmetric functions, where p,, p,,... are alge-
braically independent. The generating function for p,, p,, ... is denoted by

P(u) =35 pju . The p;’s are related to H and E by

ijuT.J), E(-u) —exp< Zp,uj)

i>1 21

(1.3) H(u) = exp (

and thus
(1.4) uaa—uH(u) = P(u)H(u), u;—uE(—u) =—-PW)E(-u).

Various properties of the series 4 that we shall need are given in the following
result, in which [M]N denotes “the coefficient of M in N”.

Proposition 1.2.
(1)

A(r,b,t;x) = Zz_: "'kbk,,k,

n>1k=0
(2)
Ay k=) an k. olClba, where Bl =n!/ ] j"ijt ifa=1022 .,

akn j>1
(3)

P L N (2 'H N where o = 1122,
j>1

(4) A(l, 1,15 x) = P(1),
Ekoa,,ka—né ) for abn.

Proof . (1) The division by r— b in the definition of A4 is well-defined when A
is considered as a power series in 7. As a polynomial in 7, b, the coefficient of
t" in H(rt)E(-bt) — 1 is homogeneous of degree n, for n > 1 (and is 0 for
n =0 since H(0) = E(0) =1). Moreover, H(rt)E(-bt)—1=0 when r=05,
so its coefficient of ¢" is divisible by r —b. Thus, as a polynomial in r, b, the
coefficient of ¢” in A is homogeneous of degree n — 1, n > 1. Accordingly,
we can write A4 in the given form, where the division by n! is for convenience
later.
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(2) A is a function of ¢ and x; only through tx;, j > 1, and 4 isa
symmetric function in x, so the 4, , are symmetric functions in x of degree
n . The result follows because {p,|a F n} is a basis for symmetric functions of
degree n. Again the multiplication by |%,| is for convenience later, and the
value of |%,| is well-known.

(3) From (1.3) we have

A=(r-b)"! {exp (ijt—{(rj - bf)) - 1}
Jj21 I

=(r-b)! exp p-t—{(rj—bf) -1
(oo -) |
R LD SENCA™S § (R IL

n>1" " g=11202..bn j>1
This gives immediately, from (2) and (1),
t i i _ . L
o = | " H O Ealpa) 4 = (IR - ) [T - b
j21

as required.
(4) Using L’Hopital’s rule, which is justified since »r and b appear polyno-
mially as coefficients of powers of ¢,

H(r)E(-t) - 1

A(l,l,t;x)=lirrllA(r,l,t;x)=lin} —
= %{H(rt)E(—t) — 1}|r=1 = P()H()E(~1),  from (1.4)

and the result follows since H(¢{)E(—t)=1.
(5) From (1) and (2) we have

n—1
PR IZENED ) DES Sr AN AT

n>1k=0  atn

so that

n—1 o
Zan,k,a= [;ﬁl%lpajl A(17 l:t;x)
k=0 ’

- [5i@] P)  trom (4,
— { n!/lan)la a=(n)a
0, otherwise .

But |&,)| = n!/n from (2) and the result follows. O

The main result is stated in terms of the integers a, x .. In §2 these integers
are identified in terms of characters of S, , and properties of characters are used
in deriving the main result there. In §3 a differential operator for symmetric
functions is introduced, and its action on A is shown to be nice; the main result
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follows, with the a, x , appearing only as the coefficients in the symmetric
function 4. In §4 we demonstrate that the series A4 is the generating function
with respect to an alternating weight for a set of combinatorial objects that we
call properly painted permutations. This leads to a combinatorial derivation
of the action of the differential operator on this generating function. In §5
we extend this to obtain a direct bijective proof of the main result, in which
the a, i , appear as the combinatorial sum of alternating weights for sets of
painted permutations. This quickly leads to a direct bijection for Theorem 1.1
(with both sides multiplied by 2"n!).

2. CHARACTERS OF THE SYMMETRIC GROUP

It is well-known (see, e.g., Burrow [4]) that the centre of the group algebra
CS, has a basis {F,|at n} of orthogonal idempotents, given by

2.1) LY 15Ks.

ﬁl—n

where X5 is the character of the irreducible representation of S, associated

with &, , evaluated at %3, and f“ is the degree of this representation. More-
over we can invert the linear relationship (2. 1) to obtain

(2.2) ~ &I 75t

Br+n

The introduction of characters of S, is relevant because the series A4, j dis-
cussed in §1 is essentially the generating function for the values of the character
of the irreducible representation associated with C(jx ,_x). In particular, as
derived on page 139 of Littlewood [16],

(2.3) n k.o = (1R

We are now ready to give the main result, which yields a value for a linear
combination of connection coefficients involving arbitrary powers of transpo-
sitions. The proof exploits the above close connection between a, ; , and
characters.

Theorem 2.1. For n>1, n> k>0, a;=1"22 for i=1,...,m, m>0,
and B+ n,
n m

Zankaa,, ,am,a_{<2>_nk} an,k,ﬂ'

akn
Proof. Since a, i o= (—l)kx,g,lk’""k) , we have

f(l",n —k)

(24) ( ) _zan,k,aK F(l" n—k)

n!
atn

from (2.1). Thus from (2.1), (2.2)

g ,n— k) m k |
|B(1n-22) |X (17-22) (=D*n'Fye n_p

(25) {K(ln_ZZ)}mZa,,,k,aKa = f(l" n—F) f(]k’n_k)

atn
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But

Ly ¥, n—k
f(l ,n—k) =X((l")n )

= (-1)*a, x an, from (2.3)
= (—=1)¥[r"~1=kpk)(r — b)"~',  from Proposition 1.2(3)
n-1
B ( k > ’
Kt = (<1kay  nezy,  from (2.3)
= (=D¥[r"'=kpk)(r — b)*~2(r + b),  from Proposition 1.2(3)

-(")-G20)

n! n .
lgln—zz)l = (n—_‘m = (2) , from Proposition 12(2)

and

Thus

(lk’ _k) n n— -
B-altn sy~ _ (D) = 2D} _ <n) ok
Stk (")

and substitution of this in (2.5) gives

m n ™ (=1)kn!
{Kin-22)}™ Dy i, oKa = {(2) —nk} (—(,,T)l)—F(lk,n_k)

akn k
- . m ‘
- {( )—nk} S 4,0 5Kg,  from (2.1), (2.4).
2 B+n o

The result follows immediately by equating coefficients of Kz on both sides of
this expression. 0O

The above result is closely related to those of Jackson [15]. From it we deduce
the value of a connection coefficient involving arbitrary powers of transpositions
in the next result.

Corollary 2.2. For n>1, a;=1"22 for i=1,...,m, m>0,and B+ n,
12 (/n "
cf.,...,a,,,,(n) = ;Z{(z) - nk} an k., B -
k=0
Proof. Summing both sides of Theorem 2.1 over k =0, ..., n—1 and equating

the results yields

n—1 n—1 n m
5 (Soncn) owa= 2 {(3) -}
k=0 0

akn k=
But

n—1
— noB
Z Zan,k,a cgl,myam,a—ncal,...,a,,,,(n)
aFn \k=0

from Proposition 1.2(5), and the result follows upon division by n. O
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We obtain Theorem 1.1 in a straightforward way by considering the special
case f = (1") of Corollary 2.2.

Proof of Theorem 1.1. From Corollary 2.2, the number of m-tuples of transpo-
sitions (7;---7,) and n-cycles ¢ such that 7,---1,,0 =id is given by

(an 1 n—1 n m
cal,“.,am,(n) = ;E{(z) - nk} Ap k,(17) s

k=0

where o; = 17722 for i=1,...,m. But a, ; an = (=1)%(";"), as derived
in the proof of Theorem 2.1.
Furthermore 7, ---7,,0 = id is equivalent to 7,---7,, = 6~!, where o~! is
also an n-cycle, so
1’!
1" = |an)| . Cg’)

Q) ey Um, (1) 1yeesOm *

The result follows since |5(,)| = (n —1)! O

3. A DIFFERENTIAL OPERATOR FOR SYMMETRIC FUNCTIONS

For o € S, , let ®(0) = py(,), and linearly extend this to deﬁne the action
of ® on CS,. Thus for example, ®(K,) = |%,|p. and ®(3,, , Kq) = hn .

Now define the differential operator for symmetric functlons (1t is well-
defined since the power sum symmetric functions are algebraically indepen-

dent).
ZZ<1P:+18 aa l+J)PzP166 )
i>1j>1 Pi+j

This operator provides a realization in the algebra of symmetric functions of
the multiplication by all transpositions in the symmetric group, as demonstrated
in the next result.

Proposition 3.1. For g € CS,,

cI)(K(ln—zz)g) =AD(g).
Proof. Consider an arbitrary transposition (¢;, ¢;) and an arbitrary permuta-
tion 0 €S,.

If ¢, and ¢, appear on two different cycles in the disjoint cycle representation
of o, then in the product (¢, t;)o those cycles are replaced by a single cycle
whose length is equal to the sum of their lengths. Thus a p;p; in ®(o) is
replaced by a p;;; in ®((¢;, t;)0) for some i, j>1.

If t; and ¢, appear on the same cycle in ¢, then in the product (¢, t;)o
that cycle is replaced by two cycles whose lengths sum to the length of that cycle.
Thus a p;;; in ®(o) is replaced by a p;p; in ®((¢, t,)o) forsome i, j>1.

The result follows by considering all cases for (¢, ¢;) and extending linearly
to CS,. O

As an exercise, the reader might verify that

10? 1 92

AH(t) = 355H(D),  AE(t) = —52E(1).

This operator also acts very nicely on the series A discussed in §1, as described
in the following result.




428 I. P. GOULDEN

Theorem 3.2.
M l 0 0 0
AA = (ra—b%) tb—tA,
(2)
{( )—nk}A,,,k, forn>k>0.
Proof. (1)

=(r-b)~ 'A{exp (Z kk(r —b")—l} from (1.3)

k>
H(rt)E(-bt)

_— (- J b i+j(pit] _ pitj
= 2(" b) z {pl+]t (r b' )(r b )-|-p’p t (r b )}

i,j>1

m—1
_ H(Z"(tZE—(l:)bt) {metm (mrm +mb™ — Z(ribm—i +rm-—ibi)>

m>1 i=0

+ P(rt)? - P(bt)z}

- %{’2 { tP/(rt) + btP' (bt) — ﬂ(P( rt) - P(bt))

+ P(rt)? - P(bt)z} .

But

t%A = W{P(ro — P(bt)}, from (1.4)
SO

A=

ti H(rt)E(-bt)
ot b

r—

rS g { rtP'(rt) + (P(rt) - —) (P(rt) — P(bt))} ,
b?a?_bt gt = W {—btP’(bt) (P(bt) - L) (P(rt) — P(bt))}

and the result follows.
(2) We have

——
A= 3 Ay pr TR0

n>k>0
SO

e
Ad= " (Ad, )" “bk

n>k>0

and

1(,90 _,9 _ b9 59N, 0 kit
2(’ar ) a4 = ZA”"{ (ar bab)t bn!}

n>k>0

=Y A,,k{ (n-1-—k—k)n } "= “"b"%.

n>k>0
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Apply (1) and equate coefficients of r*~!=¥pk¢"/n! on both sides to obtain

AA,,’k = <—;—(n -1 —2k)n> A,,,k,

for n > kK > 0, and the result follows. O

The above properties of A combine to yield the following proof of the main
result.

Second proof of Theorem 2.1. From Proposition 3.1

o (K('?"-ZZ) Z an,k,aKa) =A"D (Z an,k,aKa) =A" Zan,k,aq)(Ka)
atn atn atn
= A" " an kol Glpa = A™(Ay 1)

atn

m
= {(;) - nk} Ap k, from Theorem 3.2(2)

_o ({ (;) - nk}m Za,,,k,,gx,,)

Brn
and the result follows. 0O

Thus we have obtained a proof of the results of §2 that is free of the use of
characters. By this we refer to the fact that no use is made of the relationship
between the a, i , and characters; instead the a, , , are regarded simply as
coefficients in the symmetric function A4, and the action of A on A4 is then
explicitly described.

This proof, though free of characters, is essentially verificational, since it is
based on the fact that A satisfies the partial differential equation given in The-
orem 3.2(1). However, we are able to derive a constructive, directly combina-
torial, proof of Theorem 3.2 in the next section, which leads to a combinatorial
proof of the main result in §5.

4. PAINTED PERMUTATIONS AND THE DIFFERENTIAL OPERATOR

By a painted permutation p on {1, ..., n} we shall mean a permutation
o € S, in which each element 1, ..., n—1 is assigned (“painted”) one of the
colours red or blue, and we say in this situation that p is obtained by painting
o . Thus there are 2"~! ways to paint ¢ for each o € S,, giving a total of
2"~ 1p! painted permutations on {1, ..., n}. We shall be concerned in this
section with a special subset of painted permutations called properly painted
permutations, defined below.

In the disjoint cycle representation of a permutation ¢ € S, , suppose that the
cycle containing element n is (n, iy, iz, ..., i), and call this cycle the max-
cycle of o . Consider painting elements iy, ..., i; red and elements ijy, ..., i;
blue for some 0 </ < j, and denote the resulting object by (n, [iy, ..., i]r,
[iz41,...,i]g) (if / =0 then [ g is suppressed and if / = j then [ ]p is
suppressed). For every other cycle (m;, ..., m,) in ¢ either paint all elements
my, ..., my red or all blue, and denote the resulting object (m, ..., my)r
or (my,..., my,)p, respectively. The result of this procedure is a properly
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painted permutation p, and we say that p is obtained by (properly) painting
o. Defined B(p) to be the number of cycles of p in which all elements are
blue, and define ®(p) = ®(g), where ®(g) is given in §3, and p is obtained
by painting o .

Let the set of properly painted permutations on »n elements of which k are
blue (and hence n— 1 — k are red) be denoted by &, ;. For p € &, ;, define
the weight function

wi(p) = (-1)2Pd(p).

For example, with n =9, k=3,

wt((9, [6, 3]r, [518)(1, 8)8(2, 7, 4)r) = —P2D3Ds -

The significance of properly painted permutations is that the generating func-
tion for %, , with respect to this weight function is the series 4, ; discussed
in §1, as proved in the next result.

Propeosition 4.1. For n >k >0,

Z wi(p) = Ay k-
PEAy &
Proof. Let
n—1
D, = Zrn_l_kbk Z wi(p) = Z pd(a)Ga~
k=0 PEA, gES,
Then

Ga — Z(_I)B(p) r#red elements in p b#blue elements in p
P
where the summation is over all p obtained by properly painting o .
Now suppose ¢ € %}1,-,2,-2,,,) , 80 ¢ has i; cycles of length j, and that the
max-cycle has length m. Then

m—1
G, = (Z rlbm—l—-l) H(rj _ bj)ij—éj,m

1=0 i>1

since the max-cycle has / red elements and m — 1 — [ blue elements for some
1=0,..., m—1, and each other cycle has, independently, all elements red or
blue, with the number of the latter giving B(p). But

m—1

Z rlbm—l—l — (r_ b)—l(rm _ bm)
=0
SO
Go=(r—b)~ ' ] -b)".

Jj21
Thus G, depends only on the conjugacy class of o, so
Di=(r-0" Y &l JJ(7 -b)).
a=1122...ln j21
Comparing this expression with Proposition 1.2, we immediately have

[rkbn_l_k]Dn = An,k >

as required. O
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For 7€ S, and p a painted permutation, we define 7p (or p1) as follows.
If p is obtained by painting ¢ then 7p (or pt) is the permutation 7o (or
ot) with elements the same colour as in p. Note that either or both of p and
Tp (or pt) may be properly painted.

Now define sets ., , and 7, ; by

Fe={w,v,pll<u#v<n, pes },
Tk ={0,z,M1<y<n—1, 1<z<n, y€Hy i}.

For (u,v, p) € %, «, define the weight function

é(u’ v, p) = (—I)B(p)pd((u,’v)p) )
and for (y, z, y) € 9, x, define

wt(y) if element y is red in y,

wy,z,p)= { —wt(y) if element y is blue in y.

Generating functions with respect to these weight functions are given by

Qo(x)= Y. &u,v,p) forF CH i,
(u,v,p)es

Yrx)= Y @,z,y) forT CI, .

»,z,n€T
The connection to §3 is made clear in the following result.

Proposition 4.2. For n > k >0,
(1) Qx,k(x) = 2AA,,’k,
(2) ¥Yg, (x) = 2{(;) —nk}Ay, .

Proof. (1) The result follows immediately from Propositions 3.1 and 4.1.

(2) The result follows from Proposition 4.1 since for each y € & ,, there
are n choices for z and n— 1 choices for y. There are n—1—k choices for
y specifying red elements and k specifying blue elements. The latter reverse
the sign, so

\Pg,,k(x) = {(n -1-k)- k}nA,,,k . g

Note that Theorem 3.2 and Proposition 4.2 imply
(4.1) Qg  (x) =Yg  (x).

This means that the effect of multiplying all properly painted permutations in
&, i by the set of transpositions (u, v is the transposition in %, ) is equiv-
alent to “marking” all pairs of (not necessarily distinct) elements in all properly
painted permutations in %,  , where the first marked element is painted (i.e.,
not n) and a sign of —1 is introduced if this element is blue (y, z are the
marked elements in 7, ;). For a general discussion of the relationship between
the action of t9/9¢t (and rd/dr, bd/db) as on the RHS of Theorem 3.2.(1)
and marking (or rooting or distinguishing) of combinatorial objects see, e.g.,
Goulden and Jackson [8].

In the remainder of this section we complete a purely combinatorial proof of
Theorem 3.2 by deriving a direct combinatorial proof of (4.1), which together




432 1. P. GOULDEN

with Proposition 4.2 implies Theorem 3.2 (multiplied by 2). This proof of
(4.1) proceeds in the following way. First, we partition ., ;, into subsets

5”,,(’1,)( and 5”,1(2,)( and give a sign-reversing involution 7 on 5”,,(1) , proving that

Q. (x) = 0. Second we partition 7, ; into subsets Yn(lk) and 9”(2,2 and give
n,k 5 B

a sign-reversing involution y on .7,,“,(), proving that TZ.“Z (x) = 0. Finally,

we give a weight-preserving bijection ¢ between .5”,,(2,)( and 7, (zk) , proving that

Qy(z) = Wy(z) .
n,k n,k

The sets 5”,,(1,)( and 9,;(1,() are given by
‘7,:(,]1)( ={(u, v, p) € S k| elements u, v have different colours in p},
7,,(‘,() ={(v, z,7) € I, «| elements y, z have different colours in y},

where “different colours” means, in both cases, that one is red and the other
blue. The sets 5”,,(2,)( and 9;(2,3 are their complements in ., ; and 9, ;.

The easiest of the mappings is v ; for (y, z, y) € ,9:(1,() , define

v(,z,7)=(z,5,7).
(Note that z # n since z is painted.)

Theorem 4.3. For n >k >0,

(1) w is a fixed-point-free involution on (7,,(,”,

(2) w(v/(y3za )’))=—Cl)(y,2, y) for (y,Z,y)EZ(‘lk),

(3) \I’Z(lz (X) =0.

Proof. (1) Elements y, z have different colours in Z;(lk) , 0 y has no fixed
points. Moreover

ywy,z,)=w(z,y,7)=0,2,7),

and the result follows.
(2) If element y isred in y, then z isbluein y,s0 w(y, z, y) = wt(y) and
oy, z,7) =w(z,y,y)=—wt(y). If element y is blue in y, then z is

redin y,s0 w(y, z,y) = —wi(y) and w(y¥(y, z,7)) = o(z,y,y) = wiy).
Thus in either of the two possible cases w(y(y, z, y)) = —w(y, z, 7).
(3) From (1) and (2) we obtain ¥ u(x) = —¥,u(x) and the result fol-
n,k n,k

lows. O

For the sign-reversing involution 7 on 5”,,“,)( we define L(p), for p € %, i,
to be the first blue element encountered on the max-cycle of p after element
n (by construction, any red elements on the max-cycle occur between n and
L(p)) . If there are no blue elements on the max-cycle of p, we define L(p) =0.

To define 7, let (u,v, p)€ 5’,,(,1,)( and assume u is a red element in p and
v is a blue element in p (otherwise exchange u and v). Then

Case 1. If L(p)# 0 and v # L(p), then

”(u’ v, p) = (u> L(p)’ (u’ L(p))(ua v)p).
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Case 2. Otherwise, if L(p) =0 or v = L(p), then

n(u,v, p)=(u,v, (u,v)(u,n)(u,v)pu,n).
For example, with n =9, k=35, p= (9, [4]r, [7, 318)(1, 8, 5)8(2, 6)&,
so L(p) =17, we

Al:n(4,3,p)=(4,7,(9,318)(7s(1, 8, 5)8(4)r(2, 6)r),

A2:n(6,3,p)=(6,7,(9,[4, 6, 2Ix, [318)(7)5(1, 8, 5)8),
A3:7(6,8,p)=(6,7,(9,[4,6,21x,[8,5,1,7, 3]p)),
Ad:n(4,8,p)=(4,7,(9,18,5, 1,7, 3I8)(4)r(2, 6)r),
A5:n(4,7,p)=(4,7, (93, 7)a(1, 8, 5)s(4)r(2, 6)r),

A6:1n(2,7,p)=(2,7,(9,16, 2, 4]r)(3, 7)s(1, 8, 5)8).
To prove that 7 is a sign-reversing involution, it will be helpful to charac-
terize properly painted permutations p € %, , among painted permutations
by partitioning %, ; into two subsets Mn('}c for i =1, 2. Let the image of

element i/ in p be p(i). Then Mn(’l,z consists of all painted permutations on
{1, ..., n} with k blue elements, in which p(j) = n for exactly one blue el-
ement j and either p(n) is blue or p(n) is red and p(j) is blue for exactly
one red element j (in which case j = p~!(L(p))). In every other case, p(J)
and j have the same colour. (Thus Mn(’!,z consists of the properly painted per-

mutations with at least one blue element on the max-cycle.) Similarly M”(Z,Z
consists of all painted permutations on {1, ..., n} with k blue elements, in
which either p(n) = n or p(n) isred and p(j) = n for exactly one red element
J . In every other case p(j) and j have the same colour. (Thus Mn(z,l consists
of the properly painted permutations with no blue elements on the max-cycle.)
Using this characterization of the elements of %, , we can prove that n has

the desired properties (it may help to first verify (1) and (2) for the six examples
given above).
Theorem 44. For n >k >0,

(1) n is a fixed point-free involution of 5”“)

(2) EMmu, v, p)) =—&u, v, p) for (u,v, p) €L,

(3) Q‘ZI(IL(X) =0.

Proof. Let n(u,v, p)= W', v, p).
(1) In Case 1 (e.g., Al, A2, A3, A4), we must have p € Mn(,l,z , and calculate
that

P~ (Lp)=u, pp'w)=v, pp~'(v))=Lp)
and p'(j) = p(j) for all other j=1,...,n. But u isred and v, L(p) are

blue. Moreover p~!(v) is blue and neither of p~!(u) or p~!(L(p)) is blue.
Thus L(p') = v, and in all cases we can verify that (¥', v, p’) satisfies Case
1

Now v’ # v so there are no fixed points for n in Case 1. Moreover,
n(n(u, v, p))=n@,v', p")= @, L(p"), &, (L(p)W, v")p")

= (u, v, (u, v)(u, L(p))(u, L(p))(u, v)p)=(u, v, p)
and in this case 7 is a fixed-point-free involution.
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In Case 2, either p € %(,2/1 (so L(p)=0) or pe Mn(‘l,z with v = L(p) (e.g.,
AS, A6), and we calculate that

plp~im)=v, P~ W) =n, pm)=pw), p'u=pn

and p'(j) = p(j) for all other j = 1,...,n. But u is red and v is blue.
Moreover if L(p) = 0 then p~!(v) is blue and none of p(n), p~'(n), p(u)
is blue. If L(p) =v then p~!(n) is blue and either p(n), p~!(v) are red with
p(u) red or p(u) =v, or p(n) =v with p(u) red. In all cases we can verify
that (', v’, p') satisfies Case 2.

Furthermore, if pe.sa/(l then p’ e.s/ “ and if peJa/(z then p’ GM(I),
so 1 has no fixed points in Case 2. Moreover

nn(u,v, p))=n, v, p)=w v, W, v, n)u,v)p'W, n)
=, v, (W, v) W, m), o) u, v)(u, n)(u, v)p(u, n)W', n))
=(u,vap) Sinceu’:u,v'=v

and in this case also 7 is a fixed-point-free involution.
(2) In Case 1,

W', v")p' = (u, L(p))(u, L(p))(u, v)p = (u, v)p

and in Case 2,

W', v")p" = (u, v)(u, v)(u, n)(u, v)p(u, n) = (u, n)(u, v)p(u, n).

But (u, n)(u, v)p(u, n) is conjugate to (u, v)p, so in both cases we have

d((u', v')p") =d((u, v)p).

In both cases, if v lies on a cycle with all elements blue in p (e.g., A3, A4), then
the elements on that cycle join the max-cycle in p’, and B(p') = B(p)—1. If v
lies on the max-cycle of p (e.g., Al, A2, A5, A6), then a new cycle containing
v, with all elements blue, is created in p’, and B(p’) = B(p) + 1. Thus in all
cases

(=1)B0") = —(=1)B®

and the result follows.
(3) The results in (1) and (2) demonstrate that Q ) (x) = -Q o) (x) and

the result follows immediately. O

To define the final mapping ¢, let (u, v, p) € 5”,,(2,)( and define ¢(u, v, p) =
(¥, z, y) where
(1)
v ifu=n,
y= { u otherwise,
(il) z=wv,

(iii)

{ p(u,v) ifeitheru=n,vredorured, v=n,
Y= .
(u,v)p otherwise.
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For example, with n =9, k=5, p=(9, [4]r, [7, 318)(1, 8, 5)8(2, 6)r,

we obtain
B1: (6, 2, p) =(6, 2, (9, [4]r, [7, 318)(1, 8, 5)B(2)r(6)R),
B2: ¢(7 8 p) _(7’ 8’ (9 [4]R, [8, 5, 1: 7a 3]B)(2’ 6)R),
B3:p(2,9,p)=(2,9,(9,16,2,41r,[7, 3]5)(1, 8, 5)s),
B4:p(3,9,p)=(3, 9, (9. [41r, [718)(3)5(1, 8, 5)8(2, 6)r),
B5: (9,4, p)=(4,4,(9,[7, 315)(1, 8, 5)p(4)r(2, 6)&r),
B6: ¢(9,5, p)=(5,5, (9, [4r,[7,3,5,1, 815)(2, 6)r).

We now prove that ¢ has the required properties.

Theorem 4.5. For n >k >0
. .. . 2 2
(1) ¢ is a bijection from yn{ ) 10 7,,( D),
(2) w(¢(u, v, p)) =€(u, v, p) fOr (u’ v, p) GL?;(’ZI)(,
(3) Q‘Sp(ZL (X) = \Py(zz (x) .
Proof. Let ¢(u,v, p)=(y, z,y) for (u,v, p) €5ﬂn(’2[)c.
(1) Since u, v are not of different colours, then y, z are not of different

colours. Moreover 1 < z<n because 1| <v <n and 1 <y <n-1 because
u#v and 1 <u<n.Nowif y=p(u,v) (e.g B3, BS) then

y()=p@),  yu)=p)
and y(j) = p(j) for all other j. If y = (u, v)p (e.g., Bl, B2, B4, B6) then
y(p~lw)=v,  y(p7'(v)=u

and y(j) = p(j) for all other j. In both cases it is straightforward to verify
that y € %, x,50 (v, z,7) € Z,k and ¢ is an injection. But ¢ is a bijection

since we can compute its inverse: if (y, z, y) € 9:(2,2 then

o'y, z,7)=(u,v, p)

where
(1) ‘
{ n ify=z,
u= ]
y  otherwise,
(i) v =2z,
(i11)

_ [ v(u,v) ifeitheryred,z=norz=y,
p= { (u,v)y otherwise.
Again it is straightforward to verify that 1 <u#v <n and p € &, ; so
(u,v, p)e 5’ . The result follows.
(2) We have

Eu,v, p)=(=DEps v

and
(—1)BD)py,y if yisredin y,

w(y,z,y)={

—(-1)8")py,, if y is blue in y.
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Now y = (u, v)p or p(u,v) and (u, v)p is conjugate to p(u, v), so in both

cases we have
d((u,v)p)=4d(y).

Moreover, if neither of u, v isred, then y = (¥, v)p has one more cycle with
all elements blue than p if u, v are on the same cycle of p (e.g., B4) and one
less cycle if u, v are on different cycles (e.g., B2, B6). But this means that y

is blue, so in this case
(-1)B0P) = _(—1)B0

If neither of u, v is blue (e.g., B1, B3, B5), then (u, v)p and p(u, v) have
the same number of cycles with all elements blue as p, and y is red, so

(—1)BP) = (—1)BM)
whether y = p(u, v) or (u, v)p. The result follows immediately.
(3) This follows directly from (1) and (2). O

We now have completed all the pieces for a combinatorial derivation of The-
orem 3.2,

Combinatorial proof of Theorem 3.2.
2A4, x = Qg (x), from Proposition 4.2(1)
= Qy(ll (X) + Qy(zz (X)
=Qg e (x), from Theorem 4.4(3)
n,k
=Q n(x), from Theorem 4.5(3)
n,k
= ~7’:’1’:(3&:) + Q‘g;(‘z’: (x), from Theorem 4.3(3)
=Qy, ()

=2 { (;) - nk} Ay k, from Proposition 4.2(2).

This ‘proves Theorem 3.2(2) (multiplied by 2). Theorem 3.2(1) follows im-
mediately by multiplying on both sides by r"~!~%pk¢"/n! and summing over
n>k>0. 0O

The author has been unable to choose the pairs ¥, v and y, z canonically
to remove the factor of 2 on both sides.

In the next section, the combinatorial steps in this proof are iterated to yield
a combinatorial proof of the main result.

5. THE COMBINATORICS OF MULTIPLYING TRANSPOSITIONS

We now extend the combinatorial material in §4 to multiplication by m
transpositions. To do this, define sets 4, x ,, and ., ¢ » by

Fnkm={(u,v1), ..., (Um, Vm), p)I1 Suj #vi <,
i=1,...,m, pe%,k},

Z,k,m={((YI’ zl),"-’ (ym, Zm), )))Il SJ/’:’S”— 19
1<z;<n, i=1,...,m, ye, «}.
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For ((u1,v1), ..., (Um, Um), p) € S k.m, define the weight function
EM((uy, 1), ..y (Ums Um)s £) = (—1DEPDau, 01y vm)p) -
For ((yl, zl)a ey (yMa zm)’ y) G‘Z,k,m: let N(J’l, e Yms Y) be the num-

berof y;, i =1,..., n, for which element y; is blue in y, and define the
weight function

(V15 21) 5 oo s ms Zm), ¥) = (=)NO i (—1)BDp
Generating functions with respect to these weight functions are given by
Px)= 3 &) for I CFims
SES
P =Y o™ for T ST k,m
teT
The extension of Proposition 4.2 is immediate.
Proposition 5.1. For n>k >0, m>0 we have
(1) Q) (0=2mA"4, 4,
2) ‘I"’”k (x) = 2m{ (%) — nk}m A, ;.

We now proceed as in §4, to deduce a combinatorial proof of the main result
by giving a direct combinatorial proof that

(5.1) Qg;:{k,m(x) = ‘I’(y':',)k,m(x).

This proof of (5.1) proceeds by partitioning <4, s ,, into subsets 5”,,(,1,)(,,” and
5”(2) and 7, i n into subsets 7, )

Jk,m?

involutions #™ on 5”" k.m and w(™ on Y m> provmg that Q™) o) (x) =

k m and 7 (2) . We give sign-reversing

nkm

and Y™ (x) = 0. Then we give a welght-prescrvmg bijection ¢(™) between

Tk om
Yn(,z,)(,m and 7 ‘% » Proving that Qm y(z, = W;()i’ (x), and hence arriving at
(5.1). .
The sets y(’k > Zf’z,m , i =1,2, and mappings 7™, w(™  ¢(m are

defined in terms of the sets 5’;(’)( , Z(’; , i=1,2,and mappings n, v, ¢ of
84, as follows: First let

1
S =, v1), .., (U, V), P) € T kol
element u;, v; have different colours in p forsome i =1, ..., m},

andlet 7(™ acton ((u;, v1), ..., (Um, Um), P) 65”,,(,1,)(,,” by replacing (u;, v;,
p) by (u,, v,,p) n(ui, vi, p) and leaving all other u;, v; unchanged
where i is the minimum choice such that u;, v; have different colours in p.

Since all elements have the same colour in p as in p’, the proof of Theorem
4.4 immediately yields a proof that 7™ is a ﬁxed-point-free sign-reversing

involution on 5” kom> and hence we have a combinatorial proof that

(5.2) Qm, x=0

n,k,m
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Next consider
T =01, 20, s Oms Zm)s ) € T e,m

elements y;, z; have different colours in y for some i =1, ..., m},
and let (™ acton ((y1, z1), .. > Vm> Zm), ) € Z(Qm by interchanging y;
and z; for the minimum i = 1,..., m such that y; and z; have different

colours (thus replacing (y;, z;, ¥) by ¥ (i, zi, y)). Then we follow the proof
of Theorem 4.3 to prove that w(™ is a fixed-point-free sign-reversing involution
on I (lk) m » and hence we have a combinatorial proof that

(5.3) W;"?, (x)=0.

Finally we describe the mapping ¢ from Z,(’Z,)(’m to .7,,(2,() m (the com-
plements of 5” k.m and 7(1 m Fnk.m and Iy ). Consider s =

Jk,m

((ur,v1)s ..., (Um, Um), p) € .5”
j=0,1,...,m—1,let

G(Um—js Um—j> Ym=j) = Ym—j> Zm—j> Ym=j-1) -
This is well-defined since all elements have the same colour in y,_; asin p
forall j,so (Um—j, Um—j, Ym—j) € 5{,(2,)( for all j. Then

¢(m)(s)=((yl>zl),-~,(,Vm,Zm)a YO)
For example, when n=9, k=5, m=4,
¢(4)((8,9)’(5’3),(9a7)’(2’9)’(9a[4]R’[7s313)(1a8’5)3(2,6)R)
=((8,9),(5,3),(7.7),(2,9), (9,16, 2,41, [8,3,7,5, 1]5)).

The proof of Theorem 4.5 allows us to establish immediately that ¢(™ is a
weight-preserving bijection from 5”,,(2,)( mt0 g, (2,() m » and hence gives a combi-
natorial proof that

Kom and let y, = p. In succession, as

(5.4) Qrl, () =¥, ).
n k,m n,k,m

Combining (5.2), (5.3), (5.4) we have a direct combinatorial proof of (5.1)
and hence, via Proposition 5.1, of Theorem 2.1, the main result (multiplied by
2m).

One more combinatorial step is needed to obtain a direct combinatorial proof
of Theorem 1.1. This is to account for the application of Proposition 1.2(5).
Consider p € Ukﬂ k- If d(p) # (n) find the largest elementin {1,...,n—1}
not on the max-cycle and switch the colour of the cycle containing that element
to obtain {(p) = p’ € U, ¥, x With d(p’) # (n). But B(p’) = B(p) £+ 1 and
d(p) = d(p') so ®(p) = -P(p'). Moreover p # p' and {(((p)) = p so { is
a fixed-point-free sign-reversing involution on {p € U, %, «|d(p) # (n)}, and
we have a combinatorial proof that

> -3 T o0 =an,

k=0 pEA,
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where a is the number of ways of properly painting an n-cycle, so a=n.
We now give a combinatorial proof of Theorem 1.1 (multiplied by n!2™).

Combinatorial proof of Theorem 1.1. On the RHS, after multiplying by n!2™
we have

n—1 n—1
Y {(n—1-2k)n}m (" . 1)(_1)k =Y YY) (),
k=0 k=0
and on the LHS we have
n—1
2mnlel) o, =111 Q0 (x).
k=0

The combinatorial proof proceeds as follows: For each s = ((u;, vy), ...,
(tm> m), p)) € UpH2 , with d(p) = (n) and d((ur, v1)-++ (tm, Um)p) =

n,k,m
1", find ¢™(s) =t = (01, 21), - Um> 2m), 9) € kT, with d(y) =
",
The contributions of s with d(p) # (n) andd((u, vy) - (Um, Um)p) = 1"
are cancelled by application of (.
(The contributions of elements of 7"  and 5”;()1) are again cancelled

n,k,m k,m
by 7™ and y(™, respectively.) 0O

The author has been unable to remove the factor of 2™ (due to working
with ordered pairs as transpositions) nor the factor n! (due to working with
all properly painted n-cycles). In the special case m = n — 1, the relationship
to the combinatorial proofs of Moszkowski [18] or Goulden and Pepper [10] is
quite unclear, especially because the bijection in this paper is between two sets
with alternating weights, and not directly involving labelled trees at all.
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